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In this paper we are interested in Hardy, Rellich, and higher order inequalities of 
Hardy–Rellich type in the setting of general homogeneous groups. Moreover, we are 
interested in questions of best constants, their attainability, and sharp expressions for 
the remainders.
1.1. Hardy inequalities
In the modern analysis of the p-Laplacian and for other problems, the Lp-Hardy 
inequality takes the form
∥∥∥∥f(x)|x|
∥∥∥∥
Lp(Rn)
≤ p
n − p ‖∇f‖Lp(Rn) , 1 ≤ p < n, (1.1)
where ∇ is the standard gradient in Rn, f ∈ C∞0 (Rn), and the constant pn−p is known 
to be sharp.
The one-dimensional version of this for p = 2 was shown by Hardy in [19], and then 
for other p in [20], with Hardy partly attributing such a generalisation to Marcel Riesz 
in response to Hardy’s demonstration of his inequality for p = 2 to Riesz, see [20] for the 
story behind these inequalities.
Inequality (1.1) has been intensively analysed in diﬀerent setting, with diﬀerent 
weights and remainder analysis, see e.g. Davies and Hinz [9], and Davies [8] for a review 
of the inequality and its numerous applications. We also refer to a recent interesting pa-
per of Hoﬀmann-Ostenhof and Laptev [21] on this subject for inequalities with weights, 
to [22] for many-particle versions, to [12] for p-Laplacian interpretations, and to many 
further references therein.
In the analysis of sub-Laplacian and p-sub-Laplacian on e.g. homogeneous Carnot 
groups (or stratiﬁed groups) inequalities of this type have been also intensively investi-
gated. In this case inequality (1.1) takes the form
∥∥∥∥f(x)d(x)
∥∥∥∥
Lp(G)
≤ p
Q − p ‖∇Hf‖Lp(G) , Q ≥ 3, 1 < p < Q, (1.2)
where Q is the homogeneous dimension of the homogeneous Carnot group G, ∇H is 
the horizontal gradient, and d(x) is the so-called L-gauge. This is a particular quasi-
norm obtained from the fundamental solution of the sub-Laplacian: d(x) is such that 
d(x)2−Q is a constant multiple of Folland’s [14] fundamental solution of the sub-Laplacian 
on G.
In the case of the Heisenberg group (1.2) was proved for p = 2 by Garofalo and 
Lanconelli [16], see also D’Ambrosio [4], and its extension to p = 2 was obtained by Niu, 
Zhang and Wang [33]. Further extensions appeared by Danielli, Garofalo and Phuc [6]
M. Ruzhansky, D. Suragan / Advances in Mathematics 317 (2017) 799–822 801on groups of Heisenberg type, on polarisable groups by Goldstein and Kombe [17], and 
on Carnot groups by Jin and Shen [25] and Lian [29], together with certain weighted 
versions.
Thus, these papers establish (1.2) and its weighted versions on diﬀerent subclasses 
of stratiﬁed Lie groups with methods yielding also the sharp constant in the inequality. 
One can observe that the L-gauge d(x) can be clearly replaced by another quasi-norm 
due to the equivalence of all homogeneous quasi-norms on stratiﬁed Lie groups but this 
may change the best constant in a way which is not easy to trace. Interestingly, in 
the setting of the Heisenberg group it was shown by Yang [42] that the L-gauge d(x)
(sometimes also called the Koranyi–Folland or Kaplan gauge in this case) can be replaced 
by the Carnot–Carathéodory distance, and the inequality (1.2) remains valid with the 
same best constant pQ−p . A higher order extension of (1.2) on stratiﬁed Lie groups was 
recently obtained by Ciatti, Cowling and Ricci [3] for arbitrary homogeneous quasi-norms 
but the obtained constants are not optimal.
To ﬁnish our very incomplete literature survey of this topic, we only mention that 
such questions have been also considered on manifolds, see e.g. [18,2,5,28]. Reﬁnements 
including boundary terms over arbitrary domains have been obtained by the authors 
in [36] (see also [37,38,40]), and further local weighted versions for sums of squares 
of vector ﬁelds of possibly limited regularity on manifolds were recently established 
in [39].
Hardy inequalities corresponding to higher order Grushin operators and to so-called 
Δλ-Laplacians have been recently obtained by Kogoj and Sonner [26]. These inequal-
ities can be viewed as ones on particular types of homogeneous groups but with the 
homogeneous structure more general than that of the stratiﬁed groups.
The main aim of this paper is to establish versions of the Hardy and Rellich inequal-
ities on general homogeneous groups. In fact, we also obtain sharp remainder terms in 
Lp and weighted Hardy inequalities on homogeneous groups, and these equalities imme-
diately imply Hardy’s inequalities by observing that these remainders are nonnegative. 
In addition, these precise equalities imply a number of other interesting inequalities as 
their consequences.
Homogeneous groups are Lie groups equipped with a family of dilations compatible 
with the group law. The abelian group (Rn; +), the Heisenberg group, homogeneous 
Carnot groups, stratiﬁed Lie groups, graded Lie groups are all special cases of the ho-
mogeneous groups. Analysis on homogeneous groups has been consistently developed by 
Folland and Stein [15] and it presents a natural setting for the distillation of the results 
of harmonic analysis that depend only on the underlying group and dilation structures. 
We note that homogeneous groups are nilpotent, and the class of homogeneous groups 
gives almost the class of all nilpotent Lie groups but is not equal to it, see Dyer [10]
for an example of a (nine-dimensional) nilpotent Lie group that does not allow for any 
family of dilations.
Before giving an overview of our results let us mention the critical observation that 
the Hardy inequality (1.1) can be sharpened to the inequality
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∥∥∥∥
Lp(Rn)
≤ p
n − p
∥∥∥∥ x|x| · ∇f
∥∥∥∥
Lp(Rn)
, 1 ≤ p < n. (1.3)
It is clear that (1.3) implies (1.1) since the function x|x| is bounded. The remainder terms 
for (1.3) have been analysed by Ioku, Ishiwata and Ozawa [24], see also Machihara, 
Ozawa and Wadade [31].
As our ﬁrst result, if G is a homogeneous group and | · | is a homogeneous quasi-norm 
on G, as an analogue of (1.3) we obtain the following generalised Lp-Hardy inequality:
∥∥∥∥ f|x|
∥∥∥∥
Lp(G)
≤ p
Q − p ‖Rf‖Lp(G) , 1 < p < Q, (1.4)
for all complex-valued functions f ∈ C∞0 (G\{0}). An interesting observation is that the 
constant pQ−p in (1.4) is sharp for any quasi-norm | · |, i.e. it does not depend on the 
quasi-norm | · |. Also, here we have the radial operator R = R|·| with respect to the 
quasi-norm | · |, but for simplicity throughout this paper we drop the lower index of this 
operator (see (1.6)).
The inequalities of diﬀerent types in this paper will follow from the corresponding 
identities: for example, for p = 2 and Q ≥ 3, the L2-Hardy inequality (1.4) would follow 
from the identity
‖Rf‖2L2(G) =
(
Q − 2
2
)2 ∥∥∥∥ f|x|
∥∥∥∥
2
L2(G)
+
∥∥∥∥Rf + Q − 22 f|x|
∥∥∥∥
2
L2(G)
. (1.5)
While we refer to Section 2 for further details related to homogeneous Lie groups let us 
make a few remarks:
• In the abelian case of G = Rn the Euclidean space, we have Q = n, e(x) = x, A = I, 
and taking |x| to be the Euclidean norm, (1.4) gives (1.3).
• Since G is a general homogeneous group, it does not have to be stratiﬁed or even 
graded. Therefore, the notion of a horizontal gradient does not make sense, and hence 
it is natural to work with the full gradient ∇.
• However, the gradient ∇ is not homogeneous unless G is abelian. On the contrary, 
the operator
R := R|·| = d
d|x| (1.6)
is homogeneous of order −1 thus providing a natural analogue to the usual Euclidean 
gradient on Rn and to the radial derivative x|x| · ∇ appearing in (1.3).
• In fact, the operator R can be interpreted precisely as the radial derivative on G, 
see (2.2). The operator
E := |x|R (1.7)
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homogeneous group G:
E(f) = νf if and only if f(Drx) = rνf(x) (∀r > 0, x = 0),
where Dr is the dilation on G, see Lemma 2.1.
• The constant pQ−p in (1.4) is sharp and is attained if and only if f = 0. Contrary 
to (1.2) where a particular choice of d(x) is made, inequality (1.4) with the sharp 
constant holds true for any homogeneous quasi-norm on G.
• For p = n or p = Q the inequalities (1.1) and (1.4) (and probably also (1.2)) fail for 
any constant. The critical versions of (1.1) with p = n were investigated by Edmunds 
and Triebel [11], Adimurthi and Sandeep [1], and of (1.3) by Ioku, Ishiwata and 
Ozawa [23]. Their generalisations as well as a number of other critical (logarithmic) 
Hardy inequalities on homogeneous groups were obtained in our recent preprint [35]. 
Here we only mention the range of logarithmic Hardy inequalities
sup
R>0
∥∥∥∥∥∥
f − fR
|x| Qp log R|x|
∥∥∥∥∥∥
Lp(G)
≤ p
p − 1
∥∥∥∥∥ 1|x| Qp −1 Rf
∥∥∥∥∥
Lp(G)
, (1.8)
for all 1 < p < ∞, where fR = f(R x|x| ). We refer to [35] for further explanations 
and extensions but only mention here that for p = Q the inequality (1.8) gives the 
critical case of Hardy’s inequalities (1.4).
1.2. Rellich inequalities
At the same time the Rellich inequalities give results of the type
∫
Rn
|f |p
|x|α dx ≤ C
∫
Rn
|Δf |p
|x|β dx
for certain relations among α, β, n, p. For example, the classical result by Rellich appear-
ing at the 1954 ICM in Amsterdam [34] stated the inequality
∥∥∥∥ f|x|2
∥∥∥∥
L2(Rn)
≤ 4
n(n − 4)‖Δf‖L2(Rn), n ≥ 5. (1.9)
We refer e.g. to Davies and Hinz [9] for history and further extensions, including the 
derivation of sharp constants, and to [27] and [29] for the corresponding results for the 
sub-Laplacian on homogeneous Carnot groups.
To establish an analogue of (1.9) in the setting of homogeneous groups is an interesting 
question. The ﬁrst obstacle to it is that since the group does not have to be stratiﬁed 
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operators on G at all, to enter the right hand side of (1.9).
However, similar to the discussion of the Hardy inequality before, the inequality (1.9)
can be expressed in terms of the radial derivative ∂r = x|x| · ∇ in the form
∥∥∥∥ f|x|2
∥∥∥∥
L2(Rn)
≤ 4
n(n − 4)
∥∥∥∥∂2rf + n − 1|x| ∂rf
∥∥∥∥
L2(Rn)
, n ≥ 5. (1.10)
Similarly to our Hardy inequality (1.4), we show the analogue of this for general homo-
geneous groups using the operator R from (1.6):
∥∥∥∥ f|x|2
∥∥∥∥
L2(G)
≤ 4
Q(Q − 4)
∥∥∥∥R2f + Q − 1|x| Rf
∥∥∥∥
L2(G)
, Q ≥ 5, (1.11)
for all complex-valued functions f ∈ C∞0 (G\{0}).
As discussed for the Hardy inequality, the expression on the right hand side of (1.11)
appears to be natural since there is no analogue of homogeneous Laplacian or sub-
Laplacian on general homogeneous groups to formulate a version similar to (1.9). In 
fact, there may be no homogeneous hypoelliptic left-invariant diﬀerential operators at 
all: the existence of such an operator would imply that the group must be graded as 
was shown by Miller [32], with further corrections by ter Elst and Robinson [41], see [13, 
Proposition 4.1.3] for a simple proof.
Again, we show that for every homogeneous quasi-norm the constant 4Q(Q−4) in (1.11)
is sharp and the equality is reached only for f = 0.
1.3. Higher order Hardy–Rellich inequalities
In [9], Davies and Hinz established a number of higher order Rellich inequalities of 
the form
∫
Rn
|f |p
|x|α dx ≤ C
∫
Rn
|Δmf |p
|x|β dx
for certain relations among α, β, n, m, p, for all f ∈ C∞0 (Rn\{0}). By combining this 
inequality with the Hardy inequality one obtains the inequality with ∇Δmf on the 
right hand side. They have been obtained by iterating Rellich’s inequality and, most 
surprisingly, this method yielded the sharp constants as well. Their method, however, 
does not seem to be readily extendible to general homogeneous groups.
In this paper we adopt an approach diﬀerent from that of Davies and Hinz [9]. 
Namely, for p = 2, we can iterate the exact representation formulae for the remain-
der that we obtained for the Rellich inequality and for the weighted Hardy inequalities. 
This yields higher order remainders that can be then also used to argue the sharpness 
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j=0
∣∣∣Q−22 − (α + j)∣∣∣ = 0, we prove the inequality
∥∥∥∥ f|x|k+α
∥∥∥∥
L2(G)
≤
⎡
⎣ k−1∏
j=0
∣∣∣∣Q − 22 − (α + j)
∣∣∣∣
⎤
⎦
−1 ∥∥∥∥ 1|x|α Rkf
∥∥∥∥
L2(G)
, (1.12)
where the appearing constant is sharp and is attained if and only if f = 0.
For k = 1, this gives weighted Hardy’s inequality (1.4) (in addition, it gives Hardy’s 
inequality for α = 0). For k = 2 this can be thought of as a Hardy–Rellich type inequality, 
while for larger k this corresponds to higher order Rellich inequalities.
1.4. Review of results
In the case of Rn expressions for the remainder terms in Hardy and Rellich inequalities 
have been recently analysed in [24,31,30]. In this paper we obtain representation formulae 
by making use of the operator R described above, on general homogeneous groups. 
Moreover, in Section 4 and Section 6 we also obtain weighted representation formulae 
and Hardy-type inequalities which we believe to be new already in the Euclidean setting 
of Rn.
In Section 2 we very brieﬂy review the main concepts of homogeneous groups and 
ﬁx the notation. In Section 3 we give sharp remainder terms of Lp-Hardy inequality on 
homogeneous groups and, as consequences, we obtain analogues of the classical Hardy 
inequality as well as uncertainty principle on homogeneous groups. In Section 4 and Sec-
tion 5 sharp remainder terms of weighted Hardy and Rellich inequalities on homogeneous 
groups are studied, respectively. In Section 6 we present higher order Hardy–Rellich type 
inequalities.
2. Preliminaries
Here we very brieﬂy recall some basics of the analysis on homogeneous groups and 
establish some properties of the operator R from (1.6). For the general background 
details on homogeneous groups we refer to the book [15] by Folland and Stein as well as 
to the recent monograph [13] by V. Fischer and the ﬁrst named author.
We recall that a family of dilations of a Lie algebra g is a family of linear mappings 
of the form
Dλ = Exp(A lnλ) =
∞∑
k=0
1
k! (ln(λ)A)
k,
where A is a diagonalisable linear operator on g with positive eigenvalues, and each Dλ is 
a morphism of the Lie algebra g, that is, a linear mapping from g to itself which respects 
the Lie bracket:
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A homogeneous group is a connected simply connected Lie group whose Lie algebra is 
equipped with dilations. Homogeneous groups are necessarily nilpotent and hence, in 
particular, the exponential mapping expG : g → G is a global diﬀeomorphism. It induces 
the dilation structure on G which we continue to denote by Dλx or simply by λx. We 
denote by
Q := TrA
the homogeneous dimension of G.
Let dx denote the Haar measure on G and let |S| denote the corresponding volume 
of a measurable set S ⊂ G. Then we have
|Dλ(S)| = λQ|S| and
∫
G
f(λx)dx = λ−Q
∫
G
f(x)dx. (2.1)
We now ﬁx a basis {X1, . . . , Xn} of g such that
AXk = νkXk
for each k, so that A can be taken to be A = diag(ν1, . . . , νn). Then each Xk is homoge-
neous of degree νk and also
Q = ν1 + · · · + νn.
The decomposition of exp−1
G
(x) in the Lie algebra g deﬁnes the vector
e(x) = (e1(x), . . . , en(x))
by the formula
exp−1
G
(x) = e(x) · ∇ ≡
n∑
j=1
ej(x)Xj ,
where ∇ = (X1, . . . , Xn). Alternatively, this means the equality
x = expG (e1(x)X1 + . . . + en(x)Xn) .
By homogeneity this implies
rx = expG (rν1e1(x)X1 + . . . + rνnen(x)Xn) ,
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e(rx) = (rν1e1(x), . . . , rνnen(x)).
Consequently, we can calculate
d
dr
f(rx) = d
dr
f(expG (rν1e1(x)X1 + . . . + rνnen(x)Xn))
=
[
(ν1rν1−1e1(x)X1 + . . . + νnrνn−1en(x)Xn)f
]
(rx).
This yields the equality
d
dr
f(rx) = Rf(rx). (2.2)
In other words, the operator R plays the role of the radial derivative on G. It follows 
from (2.3) that R is homogeneous of order −1.
The following relation between R and Euler’s operator in (1.7) will be of importance 
to us.
Lemma 2.1. Deﬁne the operator
E := |x|R. (2.3)
If f : G\{0} → R is continuously diﬀerentiable, then
E(f) = νf if and only if f(Drx) = rνf(x) (∀r > 0, x = 0).
Proof. If f is positively homogeneous of order ν, i.e. if f(rx) = rνf(x) holds for all r > 0
and x = 0, then applying (2.2) to such f and setting r = 1 we get
E(f) = νf.
Conversely, let us ﬁx x = 0 and deﬁne g(r) := f(rx). Using (2.2), the equality E(f)(rx) =
νf(rx) means that
g′(r) = d
dr
f(rx) = 1
r
E(f)(rx) = ν
r
f(rx) = ν
r
g(r).
Consequently, g(r) = g(1)rν , i.e. f(rx) = rνf(x) and thus f is positively homogeneous 
of order r. 
A homogeneous quasi-norm on a homogeneous group G is a continuous non-negative 
function
G  x → |x| ∈ [0,∞),
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• |x−1| = |x| for all x ∈ G,
• |λx| = λ|x| for all x ∈ G and λ > 0,
• |x| = 0 if and only if x = 0.
The following polar decomposition will be useful for our analysis: there is a (unique) 
positive Borel measure σ on the unit sphere
S := {x ∈ G : |x| = 1}, (2.4)
such that for all f ∈ L1(G) we have
∫
G
f(x)dx =
∞∫
0
∫
S
f(ry)rQ−1dσ(y)dr. (2.5)
We refer to Folland and Stein [15] for the proof, which can be also found in [13, Sec-
tion 3.1.7].
3. Lp-Hardy inequality and uncertainty principle
In this section and in the sequel we adopt all the notation introduced in Section 2
concerning homogeneous groups and the operator R.
We now present the Lp-Hardy inequality and the remainder formula on the homoge-
neous group G.
Theorem 3.1. Let G be a homogeneous group of homogeneous dimension Q. Let | · | be 
any homogeneous quasi-norm on G. Let 1 < p < Q.
(i) Let f ∈ C∞0 (G\{0}) be a complex-valued function. Then
∥∥∥∥ f|x|
∥∥∥∥
Lp(G)
≤ p
Q − p ‖Rf‖Lp(G) , 1 < p < Q. (3.1)
The constant pQ−p is sharp. Moreover, the equality in (3.1) is attained if and only 
if f = 0.
(ii) Let f ∈ C∞0 (G\{0}) be a real-valued function. Setting
u := u(x) = − p
Q − pRf(x)
and
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we have the identity
‖u‖pLp(G) − ‖v‖pLp(G) = p
∫
G
Ip(v, u)|v − u|2dx, (3.2)
where
Ip(h, g) = (p − 1)
1∫
0
|ξh + (1 − ξ)g|p−2ξdξ.
(iii) In the case p = 2, the identity (3.2) holds for complex-valued functions as well. 
Namely, if f ∈ C∞0 (G\{0}) is a complex-valued function then we have
‖Rf‖2L2(G) =
(
Q − 2
2
)2 ∥∥∥∥ f|x|
∥∥∥∥
2
L2(G)
+
∥∥∥∥Rf + Q − 22 f|x|
∥∥∥∥
2
L2(G)
, Q ≥ 3. (3.3)
Remark 3.2. Let us show that Part (ii) implies Part (i). Since the right hand side of (3.2)
is nonnegative it follows that
∥∥∥∥ f|x|
∥∥∥∥
Lp(G)
≤ p
Q − p ‖Rf‖Lp(G) , 1 < p < Q, (3.4)
for all real-valued f ∈ C∞0 (G\{0}). Consequently, the same inequality follows for all 
complex-valued functions by using the identity (cf. Davies [7, p. 176])
∀z ∈ C : |z|p =
⎛
⎝ π∫
−π
| cos θ|pdθ
⎞
⎠
−1 π∫
−π
|Re(z) cos θ + Im(z) sin θ|p dθ, (3.5)
which follows from the representation z = r(cosφ + i sinφ) by some manipulations.
Thus, we obtain inequality (3.1), also implying that the constant pQ−p is sharp. We 
now claim that this constant is attained only for f = 0. Formula (3.5) shows that this 
needs to be checked only for real-valued functions f . From the identity (3.2), if its right 
hand side is zero, we must have u = v, that is,
− p
Q − pRf(x) =
f(x)
|x| .
But this means that E(f) = −Q−pp f . By Lemma 2.1 it implies that f is positively 
homogeneous of order −Q−p , i.e. there exists a function h : S → C such thatp
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(
x
|x|
)
, (3.6)
where S is the sphere from (2.4). In particular this implies that f can not be compactly 
supported unless it is zero.
Remark 3.3. We also note that the statement of the theorem can be slightly extended in 
the following way. We denote by H1R(G) the space of all f ∈ L2(G) such that Rf ∈ L2(G). 
Then the statement of Theorem 3.1 remains true for functions in H1R(G). Indeed, the 
proof of (3.1) given below works equally well for such functions, and more general analysis 
of these issues will appear elsewhere. For the sharpness and the equality in (3.1), having 
(3.6) also implies that f(x)|x| = |x|−
Q
p h 
(
x
|x|
)
is not in Lp(G) unless h = 0 and f = 0.
Thus, Remark 3.2 shows that Part (ii), namely the representation formula (3.2), im-
plies Part (i) of the theorem. So, we only need to prove Part (ii). However, we now also 
give an independent proof of (3.1) for complex-valued functions without relying on the 
formula (3.5), especially since this calculation will be also useful in proving Part (ii).
Proof of Theorem 3.1. Introducing polar coordinates (r, y) = (|x|, x|x| ) ∈ (0, ∞) ×S on G, 
where S is the sphere in (2.4), and using the integration formula (2.5) one calculates
∫
G
|f(x)|p
|x|p dx =
∞∫
0
∫
S
|f(ry)|p
rp
rQ−1dσ(y)dr
= − p
Q − p
∞∫
0
rQ−p Re
∫
S
|f(ry)|p−2f(ry)df(ry)
dr
dσ(y)dr
= − p
Q − pRe
∫
G
|f(x)|p−2f(x)
|x|p−1
d
d|x|f(x)dx. (3.7)
From this using the Hölder inequality for 1q +
1
p = 1 we get∫
G
|f(x)|p
|x|p dx = −
p
Q − pRe
∫
G
|f(x)|p−2f(x)
|x|p−1
d
d|x|f(x)dx
≤ p
Q − p
⎛
⎝∫
G
∣∣∣∣ |f(x)|p−2f(x)|x|p−1
∣∣∣∣
q
dx
⎞
⎠
1
q
⎛
⎝∫
G
∣∣∣∣ dd|x|f(x)
∣∣∣∣
p
dx
⎞
⎠
1
p
= p
Q − p
⎛
⎝∫
G
|f(x)|p
|x|p dx
⎞
⎠
1− 1p
‖Rf(x)‖Lp(G) .
This proves inequality (3.1) in Part (i).
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u := u(x) = − p
Q − pRf,
and
v := v(x) = f|x| ,
formula (3.7) can be restated as
‖v‖pLp(G) = Re
∫
G
|v|p−2vudx. (3.8)
In the case of a real-valued f formula (3.7) becomes
∫
G
|f(x)|p
|x|p dx = −
p
Q − p
∫
G
|f(x)|p−2f(x)
|x|p−1
df(x)
d|x| dx
and (3.8) becomes
‖v‖pLp(G) =
∫
G
|v|p−2vudx. (3.9)
On the other hand, for any Lp-integrable real-valued functions u and v, one has
‖u‖pLp(G) − ‖v‖pLp(G) + p
∫
G
(|v|p − |v|p−2vu)dx
=
∫
G
(|u|p + (p − 1)|v|p − p|v|p−2vu)dx = p
∫
G
Ip(v, u)|v − u|2dx,
where
Ip(v, u) = (p − 1)
1∫
0
|ξv + (1 − ξ)u|p−2ξdξ.
Combining this with (3.9) we obtain
‖u‖pLp(G) − ‖v‖pLp(G) = p
∫
G
Ip(v, u)|v − u|2dx.
The equality (3.2) is proved.
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‖v‖2L2(G) = Re
∫
G
vudx. (3.10)
Then we have
‖u‖2L2(G) − ‖v‖2L2(G) = ‖u‖2L2(G) − ‖v‖2L2(G) + 2
∫
G
(|v|2 − Re vu)dx
=
∫
G
(|u|2 + |v|2 − 2Re vu)dx =
∫
G
|u − v|2dx,
which gives (3.3). 
The inequality (3.1) implies the following uncertainly principle:
Corollary 3.4 (Uncertainly principle on G). Let G be a homogeneous group of homoge-
neous dimension Q ≥ 2 and let | · | be any homogeneous quasi-norm on G. Let 1 < p < Q
and 1p +
1
q = 1. Then for every complex-valued function f ∈ C∞0 (G\{0}) we have
⎛
⎝∫
G
|Rf |p dx
⎞
⎠
1
p
⎛
⎝∫
G
|x|q|f |qdx
⎞
⎠
1
q
≥ Q − p
p
∫
G
|f |2dx. (3.11)
Proof. From the inequality (3.4) we get
⎛
⎝∫
G
|Rf |p dx
⎞
⎠
1
p
⎛
⎝∫
G
|x|q|f |qdx
⎞
⎠
1
q
≥ Q − p
p
⎛
⎝∫
G
|f |p
|x|p dx
⎞
⎠
1
p
⎛
⎝∫
G
|x|q|f |qdx
⎞
⎠
1
q
≥ Q − p
p
∫
G
|f |2dx,
where we have used the Hölder inequality in the last line. This shows (3.11). 
In the abelian case G = (Rn, +) with the standard Euclidean distance |x|, we have 
Q = n, so that (3.11) with p = q = 2 and n ≥ 3 implies the uncertainly principle
∫
Rn
∣∣∣∣ x|x| · ∇u(x)
∣∣∣∣
2
dx
∫
Rn
|x|2|u(x)|2dx ≥
(
n − 2
2
)2⎛⎝ ∫
Rn
|u(x)|2dx
⎞
⎠
2
, (3.12)
which in turn implies the classical uncertainty principle for G ≡ Rn:
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Rn
|∇u(x)|2dx
∫
Rn
|x|2|u(x)|2dx ≥
(
n − 2
2
)2⎛⎝ ∫
Rn
|u(x)|2dx
⎞
⎠
2
, n ≥ 3.
4. Weighted Hardy inequalities
In this section we establish weighted Hardy inequalities on the homogeneous group G. 
This will be the consequence of the following exact formula which we believe to be new 
already in the setting of the Euclidean space.
Theorem 4.1. Let G be a homogeneous group of homogeneous dimension Q ≥ 3 and 
let | · | be any homogeneous quasi-norm on G. Then for every complex-valued function 
f ∈ C∞0 (G\{0}) we have∥∥∥∥ 1|x|α Rf
∥∥∥∥
2
L2(G)
=
(
Q − 2
2 − α
)2 ∥∥∥∥ f|x|α+1
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α Rf + Q − 2 − 2α2|x|α+1 f
∥∥∥∥
2
L2(G)
(4.1)
for all α ∈ R.
From this we can get diﬀerent inequalities. For example, if α = 1, by simplifying its 
coeﬃcient we get the equality
∥∥∥∥ 1|x|Rf
∥∥∥∥
2
L2(G)
=
(
Q − 4
2
)2 ∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
. (4.2)
Now by dropping the nonnegative last term in (4.1) we immediately obtain:
Corollary 4.2. Let Q ≥ 3, α ∈ R, and Q − 2α − 2 = 0. Then for all complex-valued 
functions f ∈ C∞0 (G\{0}) we have∥∥∥∥ f|x|α+1
∥∥∥∥
L2(G)
≤ 2|Q − 2 − 2α|
∥∥∥∥ 1|x|α Rf
∥∥∥∥
L2(G)
. (4.3)
The constant in (4.3) is sharp and it is attained if and only if f = 0.
The last statement on the constant and the equality follows by the same argument 
as that in Remark 3.2. We note a special case of α = 1 again, then (4.2) implies the 
estimate ∥∥∥∥ f|x|2
∥∥∥∥
L2(G)
≤ 2
Q − 4
∥∥∥∥ 1|x|Rf
∥∥∥∥
L2(G)
, Q ≥ 5, (4.4)
again with 2 being the best constant.Q−4
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Part (iii) of Theorem 3.1 in the proof of Theorem 4.1.
Proof of Theorem 4.1. First we note the equality, for α ∈ R,
1
|x|α Rf = R
f
|x|α + α
f
|x|α+1 . (4.5)
Indeed, this follows from
R f|x|α = R
(
f
|x|α
)
= 1|x|α Rf + fR
1
|x|α
and using (2.2),
R 1|x|α =
d
dr
1
rα
= −α 1
rα+1
= −α 1|x|α+1 , r = |x|.
Then we can write
∥∥∥∥ 1|x|α Rf
∥∥∥∥
2
L2(G)
=
∥∥∥∥R f|x|α + αf|x|α+1
∥∥∥∥
2
L2(G)
=
∥∥∥∥R f|x|α
∥∥∥∥
2
L2(G)
+ 2αRe
∫
G
R
(
f
|x|α
)
f
|x|α+1 dx
+
∥∥∥∥ αf|x|α+1
∥∥∥∥
2
L2(G)
. (4.6)
By using (3.3) with f replaced by f|x|α , we have using (4.5) that
∥∥∥∥R f|x|α
∥∥∥∥
2
L2(G)
=
(
Q − 2
2
)2 ∥∥∥∥ f|x|1+α
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α Rf + Q − 2 − 2α2|x|α+1 f
∥∥∥∥
2
L2(G)
. (4.7)
Introducing polar coordinates (r, y) = (|x|, x|x| ) ∈ (0, ∞) × S on G and using formula 
(2.5) for polar coordinates, we have
2αRe
∫
G
R
(
f
|x|α
)
f
|x|α+1 dx = 2αRe
∞∫
0
rQ−2
∫
S
d
dr
(
f(ry)
rα
)
f(ry)
rα
dσ(y)dr
= α
∞∫
0
rQ−2
∫
S
d
dr
( |f(ry)|2
r2α
)
dσ(y)dr
= −α(Q − 2)
∥∥∥∥ f|x|α+1
∥∥∥∥
2
L2(G)
. (4.8)
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∥∥∥∥ 1|x|α Rf
∥∥∥∥
2
L2(G)
=
(
Q − 2
2 − α
)2 ∥∥∥∥ f|x|α+1
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α Rf + Q − 2 − 2α2|x|α+1 f
∥∥∥∥
2
L2(G)
,
yielding (4.1). 
5. Rellich inequality
In this section we prove the Rellich type inequality (1.11). It will follow from the 
following identity:
Theorem 5.1. Let G be a homogeneous group of homogeneous dimension Q ≥ 5. Let 
| · | be any homogeneous quasi-norm on G. Then for every complex-valued function f ∈
C∞0 (G\{0}) we have
∥∥∥∥R2f + Q − 1|x| Rf + Q(Q − 4)4|x|2 f
∥∥∥∥
2
L2(G)
+ Q(Q − 4)2
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
=
∥∥∥∥R2f + Q − 1|x| Rf
∥∥∥∥
2
L2(G)
−
(
Q(Q − 4)
4
)2 ∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
. (5.1)
Since the left hand side of (5.1) is nonnegative we obtain the following Rellich type 
inequality for Q ≥ 5:
Corollary 5.2. For all complex-valued functions f ∈ C∞0 (G\{0}) we have∥∥∥∥ f|x|2
∥∥∥∥
L2(G)
≤ 4
Q(Q − 4)
∥∥∥∥R2f + Q − 1|x| Rf
∥∥∥∥
L2(G)
, Q ≥ 5. (5.2)
The constant 4Q(Q−4) is sharp and it is attained if and only if f = 0.
Let us argue that the constant 4Q(Q−4) is sharp and never attained unless f = 0. If 
the equality in (5.2) is attained, it follows that both terms on the left hand side of (5.1)
are zero. In particular, it means that
1
|x|Rf +
Q − 4
2|x|2 f = 0 (5.3)
and hence E(f) = −Q−42 f . In view of Lemma 2.1 the function f must be positively 
homogeneous of order −Q−42 which is impossible, so that the constant is not attained 
unless f = 0.
Furthermore, the ﬁrst term in (5.1) must be also zero, and using (5.3) this is equiva-
lent to
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which means that Rf is positively homogeneous of order −Q−22 . Thus, taking an approx-
imation of homogeneous functions f of order −Q−42 , we have that Rf is homogeneous of 
order −Q−22 , so that the left hand side of (5.1) converges to zero. Therefore, the constant 
4
Q(Q−4) in (5.2) is sharp.
Thus, it remains to prove (5.1).
Proof of Theorem 5.1. As before, introducing polar coordinates (r, y) = (|x|, x|x| ) ∈
(0, ∞) × S on G, using the polar decomposition formula (2.5) as well as integrating by 
parts we obtain
∫
G
|f(x)|2
|x|4 dx =
∞∫
0
∫
S
|f(ry)|2
r4
rQ−1dσ(y)dr
= − 2
Q − 4Re
∞∫
0
rQ−4
∫
S
f(ry)df(ry)
dr
dσ(y)dr
= 2(Q − 3)(Q − 4)Re
∞∫
0
rQ−3
∫
S
(∣∣∣∣df(ry)dr
∣∣∣∣
2
+ f(ry)d
2f(ry)
dr2
)
dσ(y)dr
= 2(Q − 3)(Q − 4)
⎛
⎝∥∥∥∥ 1|x|Rf
∥∥∥∥
2
L2(G)
+ Re
∫
G
f(x)
|x|2 R
2f(x)dx
⎞
⎠ . (5.4)
For the ﬁrst term, using (4.1) with α = 1, we have (4.2), i.e.
∥∥∥∥ 1|x|Rf
∥∥∥∥
2
L2(G)
=
(
Q − 4
2
)2 ∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
. (5.5)
For the second term a direct calculation shows
Re
∫
G
f(x)
|x|2 R
2f(x)dx
= Re
∫
G
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dx − (Q − 1)Re
∫
G
f(x)
|x|3 Rf(x)dx
= Re
∫
G
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dx − Q − 12
∞∫
0
rQ−4
∫
S
d|f(ry)|2
dr
dσ(y)dr
= Re
∫
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dxG
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∞∫
0
rQ−5
∫
S
|f(ry)|2dσ(y)dr
= Re
∫
G
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dx + (Q − 1)(Q − 4)2
∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
. (5.6)
Combining (5.5) and (5.6) with (5.4) we arrive at
∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
= 2(Q − 3)(Q − 4)
((
Q − 4
2
)2 ∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
+ Re
∫
G
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dx
+ (Q − 1)(Q − 4)2
∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
)
.
Collecting same terms, this gives
2Q
(Q − 3)4
∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
+ 2(Q − 3)(Q − 4)
(
Re
∫
G
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dx
+
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
)
= 0,
that is,
Q(Q − 4)
4
∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
= −Re
∫
G
f(x)
|x|2
(
R2f(x) + Q − 1|x| Rf(x)
)
dx −
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
.
Multiplying both sides by 4Q(Q−4) and simplifying we obtain
Re
∫
G
f(x)
|x|2
(
f(x)
|x|2 +
4
Q(Q − 4)
(
R2f(x) + Q − 1|x| Rf(x)
))
dx
= − 4
Q(Q − 4)
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
2
. (5.7)L (G)
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2Re
∫
G
f(x)
|x|2
(
f(x)
|x|2 +
4
Q(Q − 4)
(
R2f(x) + Q − 1|x| Rf(x)
))
dx
=
∥∥∥∥f(x)|x|2 + 4Q(Q − 4)
(
R2f(x) + Q − 1|x| Rf(x)
)∥∥∥∥
2
L2(G)
+
∥∥∥∥f(x)|x|2
∥∥∥∥
2
L2(G)
−
∥∥∥∥ 4Q(Q − 4)
(
R2f(x) + Q − 1|x| Rf(x)
)∥∥∥∥
2
L2(G)
. (5.8)
From (5.7) and (5.8) we obtain
− 8
Q(Q − 4)
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
=
(
4
Q(Q − 4)
)2 ∥∥∥∥Q(Q − 4)4 f(x)|x|2 + R2f(x) + Q − 1|x| Rf(x)
∥∥∥∥
2
L2(G)
+
∥∥∥∥f(x)|x|2
∥∥∥∥
2
L2(G)
−
(
4
Q(Q − 4)
)2 ∥∥∥∥R2f(x) + Q − 1|x| Rf(x)
∥∥∥∥
2
L2(G)
,
thus,
∥∥∥∥R2f + Q − 1|x| Rf + Q(Q − 4)4|x|2 f
∥∥∥∥
2
L2(G)
+ Q(Q − 4)2
∥∥∥∥ 1|x|Rf + Q − 42|x|2 f
∥∥∥∥
2
L2(G)
=
∥∥∥∥R2f + Q − 1|x| Rf
∥∥∥∥
2
L2(G)
−
(
Q(Q − 4)
4
)2 ∥∥∥∥ f|x|2
∥∥∥∥
2
L2(G)
.
The equality (5.1) is proved. 
6. Higher order Hardy–Rellich inequalities
In this section we show that by iterating the established weighted Hardy inequalities 
we get inequalities of higher order. An interesting feature is that we also obtain the exact 
formula for the remainder which yields the sharpness of the constants as well.
Theorem 6.1. Let Q ≥ 3, α ∈ R and k ∈ N such that ∏k−1j=0 ∣∣∣Q−22 − (α + j)∣∣∣ = 0. Then 
for all complex-valued functions f ∈ C∞0 (G\{0}) we have
∥∥∥∥ f|x|k+α
∥∥∥∥
L2(G)
≤
⎡
⎣ k−1∏
j=0
∣∣∣∣Q − 22 − (α + j)
∣∣∣∣
⎤
⎦
−1 ∥∥∥∥ 1|x|α Rkf
∥∥∥∥
L2(G)
, (6.1)
where the constant above is sharp, and is attained if and only if f = 0.
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∥∥∥∥ 1|x|α Rkf
∥∥∥∥
2
L2(G)
=
⎡
⎣ k−1∏
j=0
(
Q − 2
2 − (α + j)
)2⎤⎦∥∥∥∥ f|x|k+α
∥∥∥∥
2
L2(G)
+
k−1∑
l=1
⎡
⎣ l−1∏
j=0
(
Q − 2
2 − (α + j)
)2⎤⎦∥∥∥∥ 1|x|l+α Rk−lf + Q − 2(l + 1 + α)2|x|l+1+α Rk−l−1f
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α Rkf + Q − 2 − 2α2|x|1+α Rk−1f
∥∥∥∥
2
L2(G)
. (6.2)
For k = 1 (6.1) gives weighted Hardy’s inequality and for k = 1 and α = 0 this gives 
(L2) Hardy’s inequality. For k = 2 this can be thought of as a (weighted) Hardy–Rellich 
type inequality, while for larger k this corresponds to higher order (weighted) Rellich 
inequalities. Although iterative methods often do not yield best constants, since we have 
the formula (6.2) for the remainder, we can use it to show that the iterative constant is 
actually sharp. This may be a general feature of iterating Hardy–Rellich type inequalities 
as the same phenomena was also observed in Rn by Davies and Hinz [9] although they 
have used very diﬀerent methods for their analysis.
Proof of Theorem 6.1. We can iterate (4.1), that is, for any α ∈ R and Q ≥ 3 we have
∥∥∥∥ 1|x|α Rf
∥∥∥∥
2
L2(G)
=
(
Q − 2
2 − α
)2 ∥∥∥∥ f|x|α+1
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α Rf + Q − 2(α + 1)2|x|α+1 f
∥∥∥∥
2
L2(G)
. (6.3)
In (6.3) replacing f by Rf we obtain
∥∥∥∥ 1|x|α R2f
∥∥∥∥
2
L2(G)
=
(
Q − 2
2 − α
)2 ∥∥∥∥ Rf|x|α+1
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α R2f + Q − 2(α + 1)2|x|α+1 Rf
∥∥∥∥
2
L2(G)
. (6.4)
On the other hand, replacing α by α + 1, (6.3) gives
∥∥∥∥ 1|x|α+1 Rf
∥∥∥∥
2
L2(G)
=
(
Q − 2
2 − (α + 1)
)2 ∥∥∥∥ f|x|α+2
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α+1 Rf + Q − 2(α + 2)2|x|α+2 f
∥∥∥∥
2
2
. (6.5)L (G)
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∥∥∥∥ 1|x|α R2f
∥∥∥∥
2
L2(G)
=
(
Q − 2
2 − α
)2(
Q − 2
2 − (α + 1)
)2 ∥∥∥∥ f|x|α+2
∥∥∥∥
2
L2(G)
+
(
Q − 2
2 − α
)2 ∥∥∥∥ 1|x|α+1 Rf + Q − 2(α + 2)2|x|α+2 f
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α R2f + Q − 2 − 2α2|x|α+1 Rf
∥∥∥∥
2
L2(G)
. (6.6)
This iteration process gives
∥∥∥∥ 1|x|α Rkf
∥∥∥∥
2
L2(G)
=
⎡
⎣ k−1∏
j=0
(
Q − 2
2 − (α + j)
)2⎤⎦∥∥∥∥ f|x|k+α
∥∥∥∥
2
L2(G)
+
k−1∑
l=1
⎡
⎣ l−1∏
j=0
(
Q − 2
2 − (α + j)
)2⎤⎦∥∥∥∥ 1|x|l+α Rk−lf + Q − 2(l + 1 + α)2|x|l+1+α Rk−l−1f
∥∥∥∥
2
L2(G)
+
∥∥∥∥ 1|x|α Rkf + Q − 2 − 2α2|x|1+α Rk−1f
∥∥∥∥
2
L2(G)
, k = 1, 2, . . . . (6.7)
By dropping positive terms, it follows that
∥∥∥∥ 1|x|α Rkf
∥∥∥∥
2
L2(G)
≥ Ck,Q
∥∥∥∥ f|x|k+α
∥∥∥∥
2
L2(G)
, (6.8)
where
Ck,Q =
k−1∏
j=0
(
Q − 2
2 − (α + j)
)2
. (6.9)
If Ck,Q = 0,
∥∥∥∥ f|x|k+α
∥∥∥∥
2
L2(G)
≤ 1
Ck,Q
∥∥∥∥ 1|x|α Rkf
∥∥∥∥
2
L2(G)
. (6.10)
This proves inequality (6.1). For the sharpness of the constant and the equality in (6.1)
we argue in a way similar to the sharpness argument after Corollary 5.2. Namely, the 
equality
Rk−lf
l+α +
Q − 2(l + 1 + α)
l+1+α Rk−l−1f = 0|x| 2|x|
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|x|R(Rk−l−1f) + Q − 2(l + 1 + α)2 (R
k−l−1f) = 0,
and by Lemma 2.1 this means that Rk−l−1f is positively homogeneous of degree −Q2 +
l + 1 + α. So, all the remainder terms vanish if f is positively homogeneous of degree 
k − Q2 + α. As this can be approximated by functions in C∞0 (G\{0}), the constant 
Ck,Q is sharp. Even if it were attained, it would be on functions f which are positively 
homogeneous of degree k− Q2 +α, in which case f|x|k+α would be positively homogeneous 
of degree −Q2 . These are in L2 if and only if they are zero. 
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